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We consider the dynamics of a two-dimensional array of underdamped Josephson junctions placed in a
single-mode resonant cavity. Starting from a well-defined model Hamiltonian, which includes the effects of
driving current and dissipative coupling to a heat bath, we write down the Heisenberg equations of motion for
the variables of the Josephson junction and the cavity mode, extending our previous one-dimensional model. In
the limit of many photons, these equations reduce to coupled ordinary differential equations and can be solved
numerically. We estimate the key parameters of this theory for typical experimental geometries. Our numerical
results show many features similar to experiment. These indijdeelf-induced resonant steSIRS’S at
voltagesV=n#AQ/(2e), whereQ is the cavity frequency andis generally an integefji) a threshold number
N, of active rows of junctions above which the array is coherent;(@nd time-averaged cavity energy which
is quadratic in the number of active junctions, when the array is above threshold. When the array is biased on
a SIRS, then, for given junction parameters, the power radiated into the array varies as the square of the
number of active junctions, consistent with expectations for coherent radiation. For a given step, a two-
dimensional array radiates much more energy into the cavity than does a one-dimensional array. Finally, in two
dimensions, we find a strong polarization effect: if the cavity mode is polarized perpendicular to the direction
of current injection in a square array, then it does not couple to the array and no power is radiated into the
cavity. In the presence of an applied magnetic field, however, a mode with this polarization would couple to an
applied current. We speculate that this effect might thus produce SIRS’s which would be absent with no applied
magnetic field.
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[. INTRODUCTION efficiency achieved in previous experiments. Even more sur-
prising, this efficiency is achieved innderdampedarrays,

The properties of arrays of Josephson junctions have beemhich according to conventional wisdom should be espe-
of great interest for nearly 20 yearSuch arrays are excel- cially difficult to synchronize, since each such junction ex-
lent model systems in which to study such phenomena akibits bistability and hysteresis as a function of the external
phase transitions and quantum coherence in two dimensionsontrol parameters. These experiments have stimulated many
For example, if only the Josephson coupling energy is contheoretical attempts to explain therr®
sidered and if the self-inductance and mutual inductance of In our previous work, we have presented a simgihe-
the array plaquettes are neglected, the Hamiltonian of a twadimensional(1D) model which seems to account for many
dimensional(2D) array of Josephson junctions is formally features of the observed cavity-induced coherénéDe-
identical to that of a 2DXY model(see, e.g. Ref.)2In the  spite the geometrical differences, the 1D model does a sur-
presence of such inductive effects, t)¥ description needs prisingly good job of capturing the physics of the experi-
to be modified, and several generalizations which includements. However, a truly realistic test requires that the model
such effects have been propose8. be extended to a geometry closer to the experimental one. In

Arrays sometimes appear to mimic behavior seen irthis paper, therefore, we present the necessary extension to
nominally homogeneous materials, such as Highsuper-  2D. Our results give significant insight into why the 1D
conductors, which often behave as if they are composed ahodel works so well. In addition, they provide some clues
distinct superconducting regions linked together by Josephabout how one might understand experimental features
son coupling. Finally, the arrays are of potentially practical which are still unexplained in either the 1D or 2D model.
interest: they may be useful, for example, as sources of co- The remainder of this paper is organized as follows. In the
herent microwave radiation if the individual junctions can benext section, we describe our model Hamiltonian for a 2D
caused to oscillate in phase in a stable manner. current-driven, underdamped Josephson junction array in a

Recently, our ability to achieve this kind of stable oscil- resonant cavity which supports a single mode. This Hamil-
lation, and coherent microwave radiation, was significantlytonian is a straightforward extension of that used in our pre-
advanced by a series of experiments by Barbara andious work to describe 1D arrays. In Sec. lll, using this
collaboratord 12 These workers placed two-dimensional un- Hamiltonian, we write out the Heisenberg equations of mo-
derdamped Josephson arrays in a geometry which allowetibn for the junction variables and for the photon creation
them to be coupled to a resonant microwave cavity. Theand annihilation operators for the cavity mode. We incorpo-
presence of the cavity caused the junctions to couple togetheate resistive dissipation in the junctions in a standard way
far more efficiently than in its absence. As a result, the poweby coupling the gauge-invariant phase differences across
radiated into the cavity has been found to be as much as 30%ach junction to its own set of harmonic oscillator variables
of the dc power injected into the array, far higher than thewhose spectral density is chosen to produce Ohmic dissipa-
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[ Horizontal junction wherea' anda as the usual photon creation and annihilation
ANV . . .
M operators.H; is the Josephson coupling energy and is as-

> sumed to take the form
Iext ; J
Ha== 2, Ejcosyy), 3)
L Vertical junction whereEiJj is the Josephson energy of th¢)th junction, and

¥ij is the gauge-invariant phase difference across that junc-

tion (defined more precisely beI()v\EiJj is related tolicj , the

FIG. 1. Sketch of the array geometry considered in our model

There are [ X N) superconducting islandblack squares making . - ; . J_2.c
[(M—1)XN-+(N—1)xM] Josephson junction&rosses An ex- critical current of the ij)th junction, byE;; =71j;/q, where

ternal current ®*!is injected into each junction at one end of the q=2|e| is the Coope_r pair cha_lrgd_ﬂc is the capacitive en-
array and extracted from each junction at the other end. The array £/9Y Of the array, which we write in a rather general form as
placed in an electromagnetic cavity which supports a single reso-

P 1
nant phot_on m_ode of frequen@. We ha:/e m:jlcated by das_hes a He=2 2 qz(c—l)ij nin; (4)
group of junctions which we denote a “row.” Such a row is per- 2 9
pendicular to the current bias and is comprised of horizontal junc- 1 . ) o
tions. whereC™ " is the inverse capacitance matrix,is the num-

ber of Cooper pairs on th¢h grain, andq=2e is the charge
tion. In the limit of large numbers of photons, we obtain Ogﬁa;z?ferg:”(vsvs dta:lgede;gzé T&g;&?cgbgﬁéég’&h:
classical equations of motion for the variables. In Sec. IV, we’&"! i was u

present the numerical solutions of this model with an empha[.]grrlnibers of Cooper pairs on the two grains comprising junc-

sis on features special to 2D, and we also give a compariso As in 1D. th . iant ph diff is th

between the 2D and previous 1D results. A concluding dis;[ S 'TT h ,I ((ajg?uge—m\ll_arlag tp ase thl e\;enyz;grl]s €

cussion and comparison with experiment follows in Sec. V. erm which leads 1o coupling between the Josephson junc-
tions and the cavity. We write it as

Il. MODEL HAMILTONIAN vij=¢i—¢;—[(2W)/<Do]f_,A-dSE bi—di—A;, (5)
We will consider a 2D array oN XM superconducting !

grains placed in a resonant cavity, which we assume supportghere ¢, is the gauge-dependent phase of the superconduct-
only a single-photon mode of frequen®y. The array is thus ing order parameter on grain ®,=hc/(2e) is the flux
made up of N—1)(M —1) square plaquettes. There are aquantum, andA is the vector potential, whickin Gaussian
total of N, x N, horizontal junctions, wherdl,=N—1 and  units takes the forr’
Ny=M. A currentl is fed into each of thé/ grains on the
left edge of the array and extracted from each ofithgrains A(xt)= \/(hcz)/(Q)[a(t) +a'(t)]E(x), (6)

on the right edge. Thus, the current is inject in thdirec- whereE(x) is a vector proportional to the local electric field
tion, with no external current injected in thedirection. A of the mode, normalized such thagd®x|E(x)[2=1, © is

sketch of this geometry is shown in Fig. 1. We also introduce” " . )
the terminology that a “row” of junctions, in this configura- again the resonant frequency of the cavity mode, \Arsithe

tion, refers to a group dfl, junctions, all with the left-hand _cawiy volume. The line integral is taken across thg)th
end having the samecoordinate and all being parallel to the junction.

bias current. One such row is indicated by the dashed lines ip Given this representation fk, the phase factoh;; can
Flg 1. e written

In contrast to o ious work, ill write th -

n contrast to our previous wor we will write the equa Ay =gi(atal), @)

tions of motion for the grain variablephases and charges
rather than junction variables, since in 2D, the junction vari-whereg;; takes the form
ables cannot be treated as all independtmdre are twice as

many junctions as grains hc? (2m)®
We express our Hamiltonian in a form analogous to that 9=V a2 f_E~dS. (8
of Ref. 16: Do Vil

Clearly, g;; is an effective coupling constant describing the
H=H photont Hy+He+Heur + Haiss. (1)  interaction between thej(th junction apd t_he; cavity.
In the presence of a vector potential, it is customary to
HereH gnoton is the energy of the cavity mode, expressed a in;;oduce afrustration f, for the wth plaquette by the rela-

1

2w plaguette

1
tal = f
aa+2, (2

Hphoton= 7€) Aij ©)
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where the sum runs over the bonds in ghh plaquette. For (p ij)2
diss__ a,
the present case, Hij'ss—g foij Vij Uaiij T Pmy
f =f°a”“y=i(a+ ahy > g (10) 1 2 2
rT 2 plaguette 5 My jj (047 (Ug,ij)
If in addition to the cavity electric field there were an applied (f..)2
magnetic field normal to the array, then there would be an ——— (y?]. (15)
additional contribution to the frustration: 2 Mg ij (@qij)
fM9_ @/ (11) The variablesi, ;; andp, ;; , describing thexth oscillator in
© nl =0 the (ij)th junction, are canonically conjugate, am ;; and

where® , is the magnetic flux through theth plaquettd®  @a,ij are the mass an'd frequency of that (_)scillator. By choos-
For typical experimental geometriel;™'"=0, but in prin- ing the spectral densit;;(w) to be linear ":Tlgc-lp)c'z'zwe assure
ciple one could havé$a9¢0_ We speculate about the pos- thaththel_d|33|pat|0n |r|1 Jhe junction is Ohnfics” We write
sible effects of this frustration below. such a linear spectral density as

The magnitude of the crucial coupling constgptis very A
sensitive to the precise experimental geometry. Purely as an Jij(0)= 5= aj; lw| O(w.—w), (16)
illustration, let us consider a geometry similar to that of Bar- 2m
baraet al® We imagine a cavity in the form of a parallelepi-
ped with edgeixi Ly, gn(_j Lz, whereLzz_LXBLy. The tion of Ohmic dissipation begins to break dowr®(w,
lowest mode in this cavity is a TE mode with frequeriey — ) is the usual step function, ane; is a dimensionless
:1TC\/1/L22+ 1/L2; the corresponding value of the variable .qnstant. We write it asy; =Ry/Ry; there Ro=h/(4€?)
Eo is 2/VL,LyL,. Substituting these values into E@), we  andR; is a constant with dimensions of resistar(@éhich
find proves to be the effective shunt resistance of the junction, as

discussed below

where w, is a high-frequency cutoffat which the assump-

326? &
gi=e 7o T (12
hc L JLE+L2 lll. EQUATIONS OF MOTION

Hereeg;; is the cosine of the angle between the fiEldf the d To ﬁbtam equatEJns of motlgn,Tl_t 'S cqnve_rlllr(]ant tc;] Intro-
resonant mode and the vectis. In the geometry of Ref. 8, hucet & operatom= aIR+_|a, anda :ia/;_'a'h'_ " efse” ave
QO/(27)~100 GHz, corresponding tbh,=L,=L,~1 mm the chinlmlljtatlon refatrllon[aR,a_|]b—|| » whichfollows
if we assume a cubic cavity, while the distance between jund-2:@ 1=1. In terms of these variables,
tions is about 13um. If we assume thas, the distance B P
acrossa junction, is~2 um and thate;; =1, we obtaing;; Hphoton= 0 (az+aj), (17)
~0.001. Obviously, however, the exact valuegyfis very g y;; takes the form
sensitive to the details of both the array and the cavity ge-
ometry. D =d— b —20::

: - Yij= i~ &~ 20;jaR. (18

We include a driving current and dissipation in a manner o neR

similar to that of Ref. 16. The driving current is included via  The time dependence of the various operators appearing

a “washboard potentialH,,, of the form in the Hamiltonian(1) is now obtained from the Heisenberg
equations of motion. These are readily derived from the com-
_ dhe D mutation relations for the various operators in the Hamil-
Hourr= - a4 ST (13 {onian(1). Besides the relations already given, the only non-
zero commutators are
wherel is the driving current injected in thedirection into
each grain on the left edgdand extracted from the right [N}, dl= =16k, (19
edge, and the sum runs over only those bonds in xhdi-
rection (each such bond is counteshce. To introduce dis- [Paij Ugkel=—ih 845 bij ke (20)

sipation, each gauge-invariant phase differengg is ] . .
coupled to a separate collection of harmonic oscillators withvhere the lasé function vanishes unlessj) and k() refer
a suitable spectral densfty7%3 Thus, the dissipative term in t0 thesamejunction.

the Hamiltonian is Using all these relations, we find, after a little algebra, the
following equations of motion for the operatofs, n;, ag,
, anda, :
Haiss= 2, Hij*, (14 )
-4 -
= c Hin;, 21
where the sum runs over distinct bonds), and O 21: (C i, e
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) 1 iE}Xt ) Elj . |ext
ni=—— > Ejsin(¢;— ¢ —20g;ag) + — a=-0Q ar+2, 9ij 7 Sin(%) — 5~ 2 9i
fi 9 q ) aq (iilx

1 (fait)? - Ro o
~7 Z 20; {ua,nfa,iﬁ—ma”(wail)z(ﬁbi—¢’| +<i2j> Jij ZWRijyIJ ' @7)
Once, again, the indeixis summed only over the nearest-
—29,ar) |, (22) neighbor grains ofi. Equations(21), (23), (26), and (27)
form a closed set of equations which can be solved for the
time-dependent functions; , n;, ag, anda,, given the ex-
ternal current and the other parameters of the problem.
ar=0 a, (23 It is now convenient to express these equations of motion
in terms of suitable scaled variables. We therefore introduce
a dimensionless time=tqRI°/A = w,t, whereR and|° are
: EiJ]- _ suitable averages ové;; andlicl- . We also define the other
a=—Q agt <I2J> 9ij 7 Sin(¢i— ¢~ 29;;ar) scaled variables
e 9ij ( R _Ry
[ o4 - f U, 1 !
q (ij2>H>A< 9ij (IEJ) A ; a,ij Ha,ij R
(faij)? 0= 2
+———— (i~ ¢;—2g;ar) |. (24 w;
My ij @ ij
~ |
Here, the index ranges over the nearest-neighbor grains of = |_c
In writing these equations, we have assumed that the only
external currenti;f""t are those along the left and right edges V.
of the array, where they are |®X! (cf. Fig. 1). Equations V==
(21)—(24) are equations of motion for theperators &, a,, RI¢
n;, and¢; (or ;). In order to make these equations ame-
nable to computation, we will later regard these operators as ~ /2 5
¢ numbers, as we did earlier in 1®This approximation is ar1= WROaRv' ’
expected to be reasonable when there are many photons in
the cavity'® _ Ry
The equations of motion for the harmonic oscillator vari- gij= mgij )
ables can also be written out explicitly. However, since we
have no direct interest in these variables, we instead elimi C=w.RG,. 28)

nate them in order to incorporate a dissipative term directly
into the equations of motion for the other variables. Such arhe last equation involves the capacitance ma@jx. We
replacement is possible provided that the spectral density afssume that this takes the f&R°

each junction is linear in frequency, as noted above. In that

caset®?%-23the oscillator variables can be integrated out. Cij=(Cq+ZC¢)8jj—Cc( 8 j4xt 6 j—xt i j+yt 6ij—5),

The effect of carrying out this procedure is that one should (29
make the replacement i.e., that there is a nonvanishing capacitance only between

neighboring grains and between a grain and ground. Here
z;(=4) is the number of nearest neighbors of grai@, and

2
2 foou e+ (fa—'J) . Hﬁ & v (25) C. are, respectively, the diagon@lelf) and nearest-neighbor
a,ij Ya,ij Wl Yij 27 R;; Yij ; - - ) :
a a,ij @ g ij i capacitances, ang andy are unit vectors in thex andy

directions. The corresponding Stewart-McCumber param-
ters areB.= w . RC. and B43=w,RCy.

In Egs.(28), we have introduced the potent)] on sitei,
which is expressed through the number varialigas

wherever this sum appears in the equations of motion. Mak®

ing the replacemen25) in Egs. (22) and (24), and simpli-

fying, we obtain the equations of motion fof anda; with
damping:

Vi:qz (C hHijn;. (30)

J I ieXI J

. E:
ni=—§j) #Sir‘(%j)Jf

> 1 &y (26) The integral of the electric field across junctian)(is writ-
q g 27R;" ten in terms of the/,’s as
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Baratoff relation and using the numbers of the previous
paragraph together with the estim&g=eS/s, whereSis

Carrying out these variable changes, we find, after soméhe junction aredtaken as 10Q:?), s~2u, ande~ 10, we
algebra, that the equations of motion can be expressed in thiad 8.~ 0.8¢, which is around 20 ife~25. 8,~20 would

following dimensionless form:

d

ar di=Vi, (32

T5isin(¢; — ¢1—20;1ar)

also be obtained for a smaller plate separation and smaller
The choiceB.= 20 should be considered only a rough, order-
of-magnitude estimate which is intended to describe a typical
array, such as those studied experimentally, in which the
junctions are underdamped. We use a much smadigr
(=0.05) because experimentally the most important charg-
ing effects appear due to the intergrain capacitance, not ca-
pacitances to ground.

The 2D equations differ in an obvious way from the 1D
equation; namely, they may involve distinct coupling con-

stantsgy and?jy alongx andy bonds arising from differences
in possible polarizations of the resonant mode. These differ-
ences lead to effects which cannot be captured in a 1D
model, as discussed below.

Before concluding this section, we note that the frustra-
tion parametefff‘”Ity defined in Eq(10) is now time depen-
dent, in principle, and given by

: (33

(34)

15 sin(é— ¢~ 20;ar)

d - ~~ ~
- a:_Qa + ..
dr | R %gu

1 . - —— ~ ~ ~
+~—(Vi—Vj—ZQgija|) _leXtEA gij - (35)

Rij (i)l
Note that, in addition to the other approximations mentioned,
these equations do not include the magnetic fields produced
by the currents themselves; i.e., they neglect self- and mutuathere the sum runs over bonds in th¢h plaquette. For a
inductive effects® However, these equations are readily general position-dependegy; , f5*"(r)+0, but if g, and
generz_ilized to treat exte_rnal currents with nonzero compoay are both position independent, théﬁwity(T):o'
nents in both thex andy directions and to geometries other
than lattices with square primitive cells.

To the best of our knowledge, the set of equati@H is
new to the present pap&ilthough a similar set of equations
was written down for eone-dimensionabrray in Ref. 16.
Compared to previous studies of two-dimensional arrays in . ; 7 . ;
the XF\)( limit, thzse equations produce qualitatively different the adaptive Bglnsgh-Stoer methélias described fur';her n
results, arising from the coupling of the array to the resonanBEf' 1~6' For simplicity, we a_ssume thf‘t the Eouplmg con-
mode of a cavity. These equations are derived starting from &l@ntsg;; have only two possible valueg, andg,, corre-
quantum treatment of both the array variables and the cavit§Ponding to junctions in theandy directions respectivef’
mode, via the Heisenberg equations of motion. his assumption should be reasonable if two conditions are

Of the parameters in Eq€35), the crucial one is clearly satisfied:(i) there is not much disorder in the characteristics
of the individual junctions andii) the wavelength of the

sonant mode is large compared to the array dimensions.

Ithough assumptioniii) is not obviously satisfied for the
experimental arrays, the model may still be reasonable in
certain array and cavity geometries, as discussed further be-
low.

_aR(7)

i
2w plaquette J

fzavity( )=

>

T plaquette

IV. NUMERICAL RESULTS

We solve Eqs.(32)—(35) numerically, by implementing

the dimensionless couplinf;ij . To estimate this coupling,
we have tried to use rough estimates of the experiment
values of Ref. 8. Their junctions have critical currehts;
~160 pA. If we assume the Ambegaokar-Baratoff relation
2eR;lij=mA, whereA is the energy gap, and we estimate

Alkg~20 K, we getRo/(27R;;) ~50. Combined withg;, Before discussing our numerical results, we briefly sum-

~0.001, this estimate giveg;; ~0.007. In the calculations  marize one well-known feature of underdamped Josephson
below, we have arbitrarily usegi;=0.015 in most calcula- arrays in theabsenceof coupling to a resonant cavity. At
tions, but the present estimates show that this choice is nafertain applied currents, the individual junctions in such an
unreasonable. array are bistable—that is, they can be placed in an “active”
In most of the calculations below, we have also uged (resistiveé or an “inactive” (superconducting state, by a
=20. This choice is made, first, to facilitate comparison withcareful choice of initial conditions. For an applied current in
the results of Ref. 16, which uses the same valuggof  thexdirection, when a single horizontal junction is chosen to
However, this choice should be of comparable order of magbe in the active state, it is found that all the other horizontal
nitude to the experimental paramet&ts$! Specifically, com-  junctions in the same “row’(cf. Fig. 1) also go active, pro-
bining the relation3,=2eR?1°C./# with the Ambegaokar- vided that there is at least a little disorder in the junction
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L ee—
00 L i P A R BN 0.0 L .. AT T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.6 0.8 1.0
Current VI, Current I/,
FIG. 2. Calculated current-voltage characteristic for a<20 FIG. 3. Calculated current-voltage characteristics for & 40

array with cavity frequency)=0.41, capacitance parametggs  (Solid line), a 40<2 (dotted ling, and a 4x 3 (long-dashed ling

=20 and B4=0.05, disorder parametek=0.05, and junction- array, all with parametersy,=0.015, 0=0.49, B.=20, B4

cavity coupling in the horizontal directiom,=0.012. The horizon- =0.05, andA=0.05. The horizontal dot-dashed line shows the

tal dashed lines show voltages at which the various SIRS's ar@xpected position of the SIRS. Note that as the array width in-

expected. These correspond to different numbers of rows of horiereases, the smallest value ofat which all the active junctions

zontal junctions in the active state. Arrows denote that the giverphase lock on the SIRS also increases, and thé characteristic

I —V was taken in the direction of increasing or decreasing currenton the SIRS has an increasing bend. Hence, increasing the array
width at fixedg, has an effect similar to that of increasing at

critical currents(cf., e.g., Refs. 29 and 30In our simula-  fixed width. The arrows indicate the direction of the current sweep.

tions for 2D arrays coupled to a resonant cavity, we observe ,
this same phenomenon, as discussed below. For the sake of clarity, we have chosen not to plot the cor-

responding segments for other choicesNgfi<10. Besides
the integer SIRS’s we find that for this 2D array, it is possible
to bias individual active rows on either time=1/2 or then
We first consider the casg,#0, ay:o, with driving =2 SIRS.(A small segment of am=1/2 case is visible in
current parallel to the axis. In Fig. 2, we show a series of the lower left of the figurg.Similar behavior is found in the
current-voltage (—V) characteristics for this case. We con- case of Shapiro steps produced by a combined dc and ac
sider an array of 184 grains, with capacitanceg =20 and  current in a conventional underdamped Josephson junction
_ =~ _ o _ . .g., Ref. 31
B4=0.05, §,=0.012, andQ}=0.41. The critical current (S€& €.g., _ _ o
through the {j)th junction isTiCj — 1+ Ay where the disorder Although the full hysteresis loop is shown in Fig. 2 only

A doml lected with i bability f for N,=10 active rows, theé —V curves for other values of
ij 1S randomly selected with ‘unitorm: probabiiity from N, are also hysteretic. Specificallgs also found previously

[—A,A]. In this plot, A=0.05. The productjR;; is as- in the 1D casg wheneveiN,>4, the number of active rows
sumed to be the same for all junctions, in accordance withhcreases when the SIRS’'s become unstable. That is, if the
the Ambegaokar-Baratoff expressithin addition, B4 and  current is increased so that a given SIRS becomes unstable,
B¢ are assumed to be the same for all junctions. The calcuhe | -V characteristic jumps up onto a higher SIRS, and
latedl —V'’s are shown as a series of points. The directions 0fjsg some of the individual rows jump onto the=2 SIRS.

the arrows indicate whether the curves were obtained undefhe | -V curve only jumps onto the Ohmic branchlifi

ianeaSing or decreaSing current drive, or both. The hori20n>1_ By contrast, if the app“ed current is Changed so that the
tal dashed curves correspond to voltages wiseteinduced g|RS's become unstable fdi,<4, the number of active
resonant stepsSIRS’S are expected, namely)./(NRl)  rows remains unchanged and theV curve immediately
= in our units, wher€V) . denotes the time-averaged volt- becomes Ohmic. In this regime, Ifis increased so that
age. The dotted lines are guides to the eye. Each nearly horiifl .~1, all the remaining horizontal junctions become ac-
zontal series of points denotes a calculdted/ characteris- tive and thel —V characteristic also becomes Ohmic. An-
tic for a differentnumber of active row$N, and represents other feature of these results worth noticing is that the width
Nax N, (horizonta) junctions sitting on the first integen(  of the SIRS plateaus is nonmonotonicNip . By “width” of

=1) SIRS. The calculated voltages for the varidNgs  an SIRS, we mean the range of driving currents for which
agree well with the expected values given by the dashethe SIRS is stable.

horizontal lines. The long straight diagonal line segment, Figure 3 shows thé—V characteristics for three different
which is common to all the differeniN,’s, represents the arrays, each with all rows in the active statg: a 40x1
Ohmic part of thel =V characteristic with all rows active. (solid curve, (ii) a 402 (dotted curve, and (iii) a 40x3

A. Horizontal coupling
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(long-dashed curye Each array has the parameters 80— T
0,=0.015,0=0.49, .= 20, B4=0.05, andA =0.05. Once [ . : 2
again, the arrows denote the directions of current sweep. The | 102 Jjei_
horizontal dot-dashed curve shows the expected position of 49 | ﬂdg;f* 4
the SIRS corresponding thl,=40 [V/(NXRIC):ﬁ]. The - 10° g%fé*

. . . Q¥
curves show that all three arrays have qualitatively similar g aog*
behavior. First, if the array is started from a random initial & 400 [ 10 En%
phase configuration, such the&1/1.>1+A andT is de- 2> 28
creased, then all the rows lock on to tNg=40 SIRS. Sec- g;
ond, if T is further decreased, tHé,=40 active state even- * -~ N=40x1
tually becomes unstable and all the junctions go into their ~ 200 - 9-0::=ng§ 7

. . ~L . r G--0N= 1
superconducting states. Finally, If is increasedstarting X
from a state in which the array is on tiNy,=40 SIRS, the ]
SIRS remains stable until reaches the critical current for 0 o“mmmm 3'0 ' 4'0
the various rows, and the-V curve becomes Ohmic. Active rows N,

The behavior shown in Fig. 3 with increasing array width
IS very.S|m|Iar fto that found previously in 1D arrays with FIG. 4. Time-averaged scaled enefgyn the resonant cavity as
Increz_’:ISIng:oupllng ;trengthln other WO“?‘S: thg key param- function of active number of rows for a 40l (asterisky a 40
et(ir n underStandmg the curves of Fig. 3 is the prOd_UCTXZ (circles, and a 4(x 3 (squares array with driving current
Nygy. For exampl~e, Fig. 3 shows that the effect of increasing=0.58. All the other parameters are the same as those of Fig. 3.
N, while keepingg, constant is to raise slightly the maxi- Inset: an enlargement of tHe-V characteristics near the synchro-

mum value ofl for which the active junctions are still locked nization threshold, on a logarithmic vertical scale. Note that the
onto theN, =40 SIRS. Furthermore, that portion of the SIRS threshold number of active junctions for synchronization decreases
a . ’

. ~ . with increasing array width.
which corresponds to smdllis not perfectly flafi.e., not at g y

the expected constant voltad&(N,R1c) =], but instead whereN, is the number of active rows, is the number of

increases slightly with increasifig(cf. Fig. 3. The degree of  horizontal junctions in a single row, and the sum runs over

this nonflatness increases with increasiNg. Precisely gl the active, horizontal junction§The analogous quantity

analogous effects are seen in calculations for 1D arrays W|t21rv>7 for the vertical junctions is irrelevant wheg, =0,

increasingg,.'® This is another piece of evidence that the since in this case these junctions are inactivr the pa-

key parameter is the produbsk,g, . rameters shown in Fig. 4, we have found, as in our previous
In Fig. 4, we plot the time-averaged enef§yN,)=(a% 1D calculations, thafry,),~1 for N.>N; while (rp) <1 for

+512>T in the cavity for three different arrays: 40 (stars, N,<N.. This behavionwhich we do not show in a figuye

40x 2 (circles, and 40<3 (squares In all cases] =0.58 reflects the fact that, for the value bised in Fig. 4, none of

and the other parameters are the same as those of Fig. n%.e active junctions are on a SIRS. whBR<N,; hence,
Below a threshold value o, (which we denoteN, and these junctions are not in phase with one another, and the
which depends o), the active rows are in the McCumber value of(rp), reflects this lack of coherence.

state(not on the SIRS's In this caseE(N,) is small and - 728 ST B B BT e e o ve rowis
shows no obvious functional dependenceMpn(see inset J k y

= : . N, there are(In Fig. 2, for example] ~0.5 would achieve
Eﬁéggggzz’z above threshol&(Ny) is much larger and in- this result) Iq suph cases, even though all the active junc-
] a o o~ tions are oscillating with the same frequency and locked onto
Figure 4 shows that, wheN, is increased at fixed,, Nc  SIRS's, it is still possible to havér,),<1. In this situation,
decreases. Precisely this same trend is observed when W Kuramoto order parametér,, ).~ 1 for theindividual
increasegy while holdingN, fixed (and was observed in our rows This occurs because thiews are not perfectly phase
previous 1D calculations with increasirﬁ;(). Thus, once locked to one other. An example of such behavior is shown
again, the relevant parameter in understanding the threshoitl Fig. 5, for a 20<2 junction array for several numbekg,
behavior appears to kg, . of active rows. The other parameters afe=0.49, g,
As in 1D arrays, it is useful to introduce Kuramoto  =0.01, 8.,=20, B4=0.05, A=0.1, andT1=0.53. As the
order parametewhich describes the phase ordering. For thenumber of active rows on the SIRS's increas@s),— 1.
2D arrays, we define a Kuramoto order paramétgj, for  (Also, of course(r,),=1 for one active row on a SIRS.
the horizontal bonds by Numerically, we find that it is easier in 2D than in 1D to
achieve a state with all active junctions biased on a SIRS, but
1 with (r,),<1. In all such cases, we can easily ca{sg
) =—— 17ij —1 simply by increasing, .
(- NaN <|<ij2>u§< el 37 The threshold shown in Fig. 4 corresponds to a transition
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L L L L L B L averaged current through the vertical junctions are very

1.00 % . . L . .
rol ********* small. Hence, too little power is dissipated in the vertical
Lo ** ] junctions to induce a resonance with the cavity.

096 - F* - To illustrate this behavior, we show in Fig. 6 some repre-

***/ . sentative phase plots ofy{ ,'yij) for (@) a vertical junction
092 L * ] and (b) a horizontal junction in a 184 array withg,=0,
[ ] 9,=0.5, 8.=20, B4=0.05, 1=0.45, andA=0.05 at bias
088 L . B current] =0.46 (close to a possible resonance with caity
: ¥ . The phase plot for the vertical junction exhibits small-
[ * ] amplitude aperiodic motion, while that of the horizontal
0.84 . junction shows that this junction is in its active state and
I ] undergoing periodic motion in phase space. This lack of re-
- . sponse by they junctions to the cavity probably explains
0.80 A T ST I ST SN ErI ST R . . . .
5 4 B 8 10 12 14 16 18 20 why the 1D simulations describe the experiments so well.
Active rows N, It is no surprise that the cavity interacts only very weakly
with the vertical junctions. From previous studies of both
FIG. 5. The time-averaged Kuramoto order paramgtgr, [de-  underdamped and overdamped disordered Josephson arrays
fined in Eq.(37)] as a function of the number of active rows on in a rectangular geometrigee, e.g., Refs. 32, and )3 is
SIRS’s for a 20x 2 Josephson array with=0.49, g,=0.01, 5, known that when current is applied in tikedirection, they
=20, B4=0.05,A=0.1, and bias currerit=0.53. junctions remain superconducting, witkf) .~0, while thex

junctions comprising an active row are almost perfectly syn-
from a state in whichnone of the active junctions are on chronized, with(r,)~1.

SIRS’s to a state in whichll are on SIRS’s. It is possible to If there were an external magnetic figérpendicularto
choosel so as to haveany numberof active rowsN, on  the array, we believe that SIRS’s would be generate(ﬁ;or
SIRS's. In this case, the cavity energ¢N,), in our model, #0, even ifg,=0. In this case, as mentioned earlier, there
is approximately quadratic iN,, with no obvious threshold would be a nonzero magnetic-field-induced frustraﬁgﬁg
behavior. This feature of our results is discussed further bg£q. (11)]. As a result, since the sum of the gauge-invariant
low. phase differences around a plaquette must be an integer mul-
tiple of 27, the presence of magnetic-field-induced vortices
B. Vertical coupling piercing the plaquettes would induce nonzero voltages
. , ~ ~ across, and supercurrents in, th@inctions. It would be of
We have also investigated the casegp¥0, g,#0, for a

- great interest if calculations were carried out in such applied
wide range ofy, values. For our geometry, we have not beenmagnetic fields.

able to findany value forfjy for which a SIRS develops. In

essence, when the cavity couplesly to the vertical junc- ) )

tions, it is invisible in thd —V characteristics. This behavior C. Comparison with the 1D model

is easily understood. In this geometry, with current applied in  We now compare our 2D results explicitly with those for
the x direction, both the time-averaged voltage and the time4dD arrays. In our earlier 1D model, we found numeric4lly

Kuramoto order parameter <r>

0.004 ———
[ T T ] 0.6 _’ T T T T T T 7_
@
~ 0002 | 4 =05
£ i =
B >
3 - 3 05
) [
5 0.000 - 5
> L 2 r
s 5 04
: [ ;
3 0002 - 4 3 [
r 0.4
_0.004 PR B . R B 0.3>....|....|....|....|....|....|.'
-0.04 -0.03 -0.02 -0.01 0.00 0.0 1.0 2.0 3.0 4.0 5.0 6.0
Gauge inv. phase diff y Gauge inv. phase diff y

FIG. 6. Phase plot of pointsy{ y) wherey is the gauge-invariant phase difference across a junction, showa fwvertical junction and
(b) a horizontal junction, in an array in which the cavity couples only to the horizontal junciigrs9., §y=0.5. The array size is 10

X 4, and the other parameters &ke=0.45, A=0.05, 3.= 20, B4=0.05, and =0.46. The vertical junction ite) displays aperiodic motion

with very small amplitude, corresponding to no time-averaged voltage drop across that junction, while the horizontal julictibasra
phase difference which varies periodically in time.
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' ' ' ' ' Another subtle difference between the 1D and 2D curves
1.0 r ' of Fig. 7 is the values of the so-called “retrapping current” in

.............. N=10x1 the two sets of curvef.e., the current values below which

08 | om0 Nz10X10 | the McCumber curve becomes unstabWe believe that this
=3 ——— n'th SIRS difference can be understood in terms of the effects of disor-
;x der in the junction critical currents in 1D and 2D. Specifi-
S 06 . cally, for a given value ofA, the 2D arrays are effectively
° o s less disordered than the 1D arrays, sinceatweragecritical
g 0.4 = current for a single row has a smaller rms spread than the
§ ) critical current of a single junction in a 1D array.

It is useful to connect our discussion of disorder to previ-
ous work. A number of previous authors have considered the
effects of disorder in 2D Josephson arrégse, for example,
Refs. 33—3h Octavioet al33 have considered the effects of

0.0 0.2 0.4 0.6 0.8 1.0 disorder inoverdampedrrays without an external load; they
Current /], find that, under these conditions, 2D arrays are much more
o stable against disorder than are 1D arrays. Wieseefeid>*

FIG. 7. 1=V characteristics for a 201 array ¢) and a 10 paye carried out an extensive analysis of phase locking in 2D
%X 10 array ©). The 10<1 array has parameterg, 1ox1 arrays; they consider primarily overdamped 2D arrays with
=0.0259,00=0.41, B.= 20, B4=0.05, andA =0.05. The expected and without an external resistive load. In the absence of an
position of the SlRS’s are marked by horizontal dashed lines. Theywternal load, they find that phase locking of different rows
10X 10 array hagy,10x10=0.002 59, and the other parameters arejs (ifficult to achieve in perfect arraysuch arrays are dy-
]Ehe sarr?(_e as for the 0L array. The —V characteristics are shown amically neutrally stable Thus, by implication, their work
tZ;’[bot increasing and decreasing current drive, as discussed in t%ggests that arrays may be quite sensitive to even weak

' disorder in 2D. In particular, they point out that arrays of
that the threshold number of active junctiom,, was in-  nonidentical elements, coupled by certain types of Idads
versely proportional to the coupling constantThis behav- ~ Pecially resonant circuits or cavitipscan be more easily
ior is reasonable because the inhomogeneous term drivinglade to phase lock—an observation consistent with the
the cavity variablég is proportional to the product af and ~ Present work. Similar observations about external loads had
N,. been made even earlier, by Cldtland by Hadleyet al®’

Some of our numerical trends in the 2D case can be unMore recently, Wiesenfelét al>® have obtained an analyti-
derstood similarly. For example, the inhomogeneous term ical expression for the linewidth of the radiation from a 2D
Eq. (35 is the last term on the right-hand side. It is propor-array of current-biased overdamped junctions, as a function
tional to the sum of the coupling consta@§ overall the of disorder, in excellent agreement with numerical simula-
junctions parallel td. Thus, forg,#0, Ely:O, and for the tions. Their calculations confirm that any locking between

same driving current, we expect that all, x N, array with adjacent rows in such a 2D array is due either to an external

a coupling constang, should behave like ah, X1 array load or to a magnetic field—_in this work, disorder does not
, . ~ help to generate phase locking and coherence.
with coupling constani,g, .

To check this hypothesis, we compare, in Fig. 7, Ithe/ Although all these papers consider the effects of disorder,
characteristics of a 101 a}ray having cbupling c;onstant they discuss a different regime from that considered here:

ax;le:0.0ZSQ with those of a 1010 array with coupling namely, arraygprimarily of overdamped junctionsgdriven

~ - by current bias, with no coupling induced by a resonant cav-
constantgy;iox10=0.00259. The other parameters are theity. Some of these papers do discuss effects of external loads,

same for the two arrayd)=0.41, 8.=20, B4=0.05, and  pyt the types of loads, and the equations which govern them,
A=0.05. The expected positions of the SIRS[&t are quite different from the cavity equations derived here.
VI(NRI;)=Q] are indicated by dashed horizontal lines. In- Our results are, however, consistent with this earlier work,
deed, the two sets df—V characteristics are very similar. though they apply to a quite different regime.

Even some of the subtle differences can be understood in @ |n both the 16<10 and the 1&1 arrays of Fig. 7, the
simple way. For example, the X001 —V's are slightly flat-  width of the SIRS’s varies similarlfand nonmonotonically

ter than the 181 curves. We believe this extra flatness oc-with the number of active rows. This behavior distinguishes
curs because the individual junction couplings in the<10  our predictions from some other modéfs: in which the
array are 10 times larger than those in thex® array. cavity is modeled as aRLC oscillator connected in parallel
From our previous 1D simulations, the-V's on the steps to the entire array and which predicts a monotonic depen-
become more and more rounded @sincreases; i.e., the dence of SIRS width oM, .°

voltage on the lower portion of the SIRS is no longer inde- In Fig. 8 we plot the reduced time-averaged cavity energy
pendent off (cf. Ref. 18. Precisely this behavior is seen in E=(a&+a?), as a function of =1/1 for both arrays of Fig.
Fig. 7. 7, under conditions such that all rows are active. This plot is

o
[
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LA A IR A A active rowsN,. We also found a striking effect of polariza-

10* — ;"f’? tion: the transition to coherence occurs only when the cavity
. F Lo mode is polarized so that its electric field has a component
10" £ Lo ws 10X 1 parallel to the direction of current flow.

o~ 10x10 Our numerical results closely resemble the behavior seen
in experiment$:*! Specifically, they show the following ex-
perimental features(i) self-induced resonant steps in the
| =V characteristicsiii) a transition from incoherence to co-
herence above a threshold number of active junctions, and
(iii) a total energy in the cavity which varies quadratically
with the number of active junctions when those junctions are
locked onto SIRS’s. There may, however, be some differ-
ences as well. In particular, our transition to a quadratic be-
havior occurs when the active junctions are locked onto
SIRS’s. In possible contrast to our results, in some experi-
mental arrays! it has been reported that evédrelow the

FIG. 8. Time-averaged reduced cavity enefgyfor a 10x1 “coherence threshold,” individual rows of junctions are
array and a 18 10 array for the same choice of array parameters adocked onto SIRS'’s, but these SIRS’s are not coherent with
in Fig. 7. The calculations are carried out on the decreasing currerine another and, hence, do not radiate an amount of power
branch with all rows active. Note that, for the 10< 10 array is 10  into the cavity proportional to the square of the number of
times smaller than that of the XQL array. junctions on the SIRS’s. Thus far, in our calculations, we

have found that wheN, junctions are locked onto the steps,
the energy in the cavity is quadratic My . The threshold, in

obtained by following the decreasing current branch. Surour calculations, occurs when all the active junctions lock
prisingly, when the 1810 array (with a(leo) onto SIRS’s,not when active junctions _Which are already
:0_15(10Xl)) locks on to the SIRSE jumps to a value locked onto SIRS'’s become coherent with one another.

which is approximately two orders of magnituldeger than For some choices of the parametgis O, A, 8, andT,

that of the corresponding jump in the XQ array, even we find dynamical states such that all active rows lock onto
though the parameteM,g, is the same for both arrays. We SIRS’s while(r).<1. In such states, the Kuramoto order
believe that the difference is due simply to the greater numparameter for théndividual rowsis still (r).~1, implying

ber of junctions which are driving the cavity in the 2D case.that the rows are not perfectly phase locked to each other. An
Even though thevidth of the steps is controlled primarily by example of such a state is shown in Fig. 5. In such states, our

the parameteNyE;X, the energy in the cavity is determined calculated energ§ in the cavity appears to vary smoothly
by the square of the number of radiating junctions. This with N, and exhibits no threshold behavior, in contrast to
square is100 times largerfor the 2D array than for the 1D what we find at other applied currensf. Fig. 4). This be-
array. havior appears to differ from what was reported experimen-
tally in a recent papét; the reasons for the difference are not
clear to us.

The 2D theory bears many similarities to the 1D case and

In this paper, we have derived equations of motions for anakes clear why the 1D model works so well. These simi-
2D array of underdamped Josephson junctions in a singléarities occur because, in a square array, the junction-cavity
mode resonant cavity, starting from a suitable model Hamiltoupling occurs only through junctions which grarallel to
tonian and including the effects of both a current drive andhe applied current. Also, as in 1D, our model leads to clearly
resistive dissipation. In the limit of zero junction-cavity cou- defined SIRS’s with voltages proportional to the cavity reso-
pling, these equations of motion correctly reduce to thosg,gnt frequency. Another similarity is that in 2D as in 1D,
describing a}ZD array of resistively and capacitively shunteq,hen a fixed number of rows are biased on a SIRS, the
Josephson Junctions. . fcavity energy is linear in the input power.

A.S In our previous .1D modv_al, the present equations o However, some of our numerical results are specific to
motlon-lead to a transition from _mcoherence tp coher.e.nce, 35 For example, whenever one junction in a given row is
a function of the number of active rows,. This transition biased on a SIRS, we find thall the junctions in that row

again results from the effectively mean-field-like nature of o

the interaction between the junctions and the cavity. Specifiphase lock onto that~same _SlRS' In addition, e%lthoug-h the
cally, because each junction is, in effect, coupled to everjime-averaged energi(N,) in the resonant cavity varies
other active junction via the cavity, the strength of the effec-duadratically with the number of active rows,, as in 1D,

tive coupling is proportional to the number of active junc- we find that when the array is biased on a SIEEN,) is

tions. Thus, for anyg,, no matter how small, a transition to Much larger in 2D than in 1D, for the same value of the
coherence is to be expected for sufficiently large number o€oupling parameteg,N,, .

Cavity Energy

0.0 0.2 0.4 0.6 0.8 1.0
Current V],

V. DISCUSSION AND SUMMARY
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A key difference between 1D and 2D is the effect of po-etry. Thus, their experiments do not test the striking effects
larization. When the cavity mode is polarized perpendiculaof frustration suggested by the present model.
to the applied current, we find that the cavity does not affect In summary, we have generalized our previous theory of
the arrayl —V characteristics. Our equations suggest that thislosephson junction arrays coupled to a resonant cavity to 2D
noneffect might change if the array were frustrated, e.g., byarrays. Our results produce most of the main features of ex-
an external magnetic field normal to the array. Such frustraperiment, including self-induced resonant voltage steps, a
tion would cause junctions in the andy directions to be threshold number of junctions for coherence, and a strong
coupled. A similar effect of magnetic-field-induced frustra- radiation into the cavity which is quadratic in the number of
tion has been found, both analytically and numerically, forjunctions. For a given step, this radiation is much stronger
overdamped 2D arrays in the presence of a current drive bdor a 2D array than a 1D array with comparable parameters.
withoutan external load such as a cavityln this case, the In addition, we find a striking effect of mode polarization on
applied magnetic field induced dynamical coupling betweerihe occurrence of such steps and suggest that this could be
adjacent rows, which were not coupled in the absence of atested numerically with a simple dynamical calculation,
applied magnetic field. It would be of interest to carry outbased on the generalization of E¢35) to a finite perpen-
similar calculations for the present model, to confirm thedicular magnetic field.
effects of frustration.

In the experiments of Ref. 8, the SIRS’s are indeed ob-
served only in the presence of an applied magnetic fietf
about 40 Oe. However, in their geometry, this fidloes not This work has been supported by the National Science
induce frustration in the plaguettes. Instead, the experiment&oundation, through Grant No. DMR01-04987, and in part
geometry is such that the field penetrates the individual juncby the U.S.-Israel Binational Science Foundation. Some of
tions, but not the plaquettes. According to the authors of Refthe calculations were carried out using the facilities of the
8, the main effect of the field is to lower the critical currents Ohio Supercomputer Center, with the help of a grant of time.
of the individual junctions, thus reducing it to a range whereWe are very grateful for valuable conversations with Profes-
the SIRS’s are observable with their particular cavity geom-=sor T. R. Lemberger and Professor C. J. Lobb.

ACKNOWLEDGMENTS

*Present address: Department of Physics, University of Notre Appl. Supercondll, 1184(2001).
Dame, Notre Dame, Indiana 46556. Electronic address!®°E. Almaas and D. Stroud, Phys. Rev.68, 144522(2001); 64,

Almaas.1@nd.edu 179902E) (2001.
TElectronic address: stroud@mps.ohio-state.edu. 16E. Almaas and D. Stroud, Phys. Rev.6B, 134502(2002.
1For an extensive review, see, e.g., R.S. Newrock, C.J. Lobb, U}”J.C. Slater,Microwave Electronics(Van Nostrand, New York,
Geigenmiler, and M. Octavio, Solid State Phy&4, 263(2000. 1950.

?See, for example, P.M. Chaikin and T.C. LubendRsinciples of  8A. Yariv, Quantum Electronic2nd ed(Wiley, New York, 1975.
Condensed Matter Physid€ambridge University Press, New 19See, for example, S. Teitel and C. Jayaprakash, Phys. R2Y, B

York, 1995. 598(1983.
®K. Nakajima and Y. Sawada, J. Appl. Phy2, 5732(1981). 20y Ambegaokar, U. Eckern, and G. SthdPhys. Rev. Lett48,
4A. Majhofer, T. Wolf, and W. Dieterich, Phys. Rev. 84, 9634 1745(1982.

(1991).

. N . 21A.0. Caldeira and A.J. Leggett, Phys. Rev. Ld#, 211 (1981).
J.R. Phillips, H.S.J. Van der Zant, J. White, and T.P. OrIando,zzA_o_ Caldeira and A.J. Leggett, Ann. Phyg\.Y.) 149 374
Phys. Rev. B47, 5219(1993. (1983 ’

6 . - .
A. Petraglia, G. Filatrella, and G. Rotoli, Phys. Rev5B 2732 233 Chakravarty, G.-L. Ingold, S. Kivelson, and A. Luther, Phys.

(1996.
) . - Rev. Lett.56, 2303(1986.
7 d
M. Tinkham, Introduction to Superconductivity 2nd ed. 2R Fazio and G. Schm Phys. Rev. B13, 5307 (1990).

(McGraw-Hill, New York, 1996. 25 . .
8p. Barbara, A.B. Cawthorne, S.V. Shitov, and C.J. Lohb, Phys B.J. Kim and M.Y. Choi, Phys. Rev. B2, 3624(1995.

Rev. Lett.82, 1963(1999. zjv Ambegaokar and A. Baratoff, Phys. Rev. Le 486(1963.
°p. Barbara, G. Filatrella, C.J. Lobb, and N.F. PederseStunlies W.H. Press, S.A. Teukolsky, W.T. Vetterling, and B.P. Flannery,
in High-Temperature Superconductprsdited by V. Narlikar Numerical RecipegCambridge University Press, New York,
(NOVA Science, New York, in press 1992.
108 vasilic, P. Barbara, S.V. Shitov, and C.J. Lobb, IEEE Trans.2®Note that one always has the relatign=—g; .
Appl. Supercond11, 1188(2001). 27.s. Tighe, A.T. Johnson, and M. Tinkham, Phys. RevA4&
1B, Vasilic, P. Barbara, S.V. Shitov, and C.J. Lobb, Phys. Rev. B 10 286(1991).
65, 180503R) (2002. 30W. Yu and D. Stroud, Phys. Rev. 8, 14 005(1992.
2B vasilic, P. Barbara, S.V. Shitov, E. Ott, T.M. Antonsen, and C.J.31J.R. Waldram Superconductivity of Metals and Cupratéasti-
Lobb, Bull. Am. Phys. Soc46 (200)). tute of Physics, Philadelphia, 1996
13G. Filatrella, N.F. Pedersen, and K. Wiesenfeld, Phys. R&81,E  3?W. Yu, Ph.D. thesis, The Ohio State University, 1994.
2513(2000. 33M. Octavio, C.B. Whan, and C.J. Lobb, Appl. Phys. Léfl, 766

14G. Filatrella, N.F. Pedersen, and K. Wiesenfeld, IEEE Trans. (1992.

064511-11



E. ALMAAS AND D. STROUD PHYSICAL REVIEW B67, 064511 (2003

34K. Wiesenfeld, S.P. Benz, and P.A.A. Booi, J. Appl. Phys, (1973.
3835(1994). 87p. Hadley, M.R. Beasley, and K. Wiesenfeld, Phys. Re\38
35K. Wiesenfeld, A.S. Landsberg, and G. Filatrella, Phys. Lett. A 8712(1988.
233 373(1997. %8G. Filatrella and K. Wiesenfeld, J. Appl. Phy§8, 1878
36T.D. Clark, Phys. Lett27A, 585 (1967); Phys. Rev. B8, 137 (1995.

064511-12



